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Summary. When operators 7, exist such that for sums S, of n i.i.d. copies of
a finite-dimensional random vector X we have T, S, is shift-convergent in
distribution to a standard Gaussian law, a necessary and sufficient con-
dition on the distribution of X is given for the appropriate law of the
iterated logarithm using the operators T, to hold. Our result extends certain
well-known real line L.I.L.s; it utilizes a necessary and sufficient condition
due to Hahn and Klass for T, to exist giving a Gaussian limit law, and
employs a second moment technique due to Kuelbs and Zinn.

1. Introduction

Let X, X,,X,,..., be independent, identically distributed (i.i.d.) random vari-
ables taking values in R? equipped with the usual inner product (-,-) and
induced norm |-{. Let S={xeR* |x|=1}. When we wish to emphasize the
role of §eS as a linear functional, we may write 6(x) for (6, x). Put S, =X, +...
+X,,nz1

When X is full (ie, the distribution #(X) of X is not supported on any
(d —1) dimensional hyperplane), Hahn and Klass (1980a) established a necessary
and sufficient condition for the existence of linear operators {T,} and shifts {b,}
such that Z(T.(S,—b,))—2> y, where — denotes weak convergence and y is
the d-dimensional standard normal (i.e, Gaussian with identity covariance).
Their condition is

t* P(16(X)|>t)

| FAURIN=D 1
lim sup % 20Xy A %) (1)

where s At denotes the minimum of s and ¢.

When (1) holds, Hahn and Klass provide a construction of canonical {T}
which we will utilize extensively here. When EX =0, it is possible to take
b,=0. (It can be shown that (1) implies E || X || < oo, so that EX exists.)

When Z(T,(S,—b,))—>7v we say X belongs to the generalized domain of
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attraction of 9, and write XeGDA(y, {T,}, {b,})- Operator normalization be-
comes necessary when different projections of X have different growth rates for
their truncated variance functions. Examples were provided in Hahn and
Klass’ paper showing that the GDA of a full Gaussian is strictly larger than
the (ordinary) domain of attraction obtained via normalizing constants (as
opposed to operators).

It is clear that for full Gaussian limit laws it will suffice to consider the
standard version v, for if ux is Gaussian with mean vector b and nonsingular
covariance operator X and XeGDA(u, {T.}, {b,}), then XeGDA(y,{Z- YT},
(T 'b+b,)).

It is well known that central limit behavior of sums derived from X can
imply strong limit theorems, in particular, laws of the iterated logarithm, for
these sums. In the domain of attraction case (when #(S,/d,)—7; here EX=0)
in results of Kesten (1972), Klass (1976 and 1977) and Kuelbs and Zinn (1983)
it was shown that almost-sure boundedness of {S,/y,} was equivalent to a

certain moment-condition, namely ) P(|X| >y, <oo, where we may take y,

n=1
=LLnd([n/LLn]). Here, Lx=max(l,logx), L,x=LLx=L(Lx), and so on,
and [x] denotes the greatest integer in x.
Thus one conjectures that operator-normalization CLT behavior should
imply a similar equivalence of the as. boundedness of the sequence {IS,},

. 1 o -t
with I,=——T_ , -, to the condition Y, P(||I,X||>1)<oco. The “correctness”
LLn m] n=1

of these normalizations is demonstrated by proving, as in the constant normal-
izers case, that {I,S,} has a nontrivial cluster set, and thus that
0<Tim I.S,l|<oo, as. Here also, the cluster set ought to have nonempty
interior in addition to being compact.

That this conjecture holds depends a great deal on the regularity of the
normalizing sequence {I}}, which in turn derives directly from the regularity of
the CLT normalizers, {T,}. This regularity allows us to work in blocks of
length n,=2% where the normalizing operator is fixed, e.g. {I, S, n,_; <n=<n,}.
Thus when X is symmetric, standard inequalities such as Lévy’s maximal and
the Hoffmann-Jorgensen apply. In addition, the correct necessary condition also
depends on regularity of {I,}.

The required regularity of {T,} was proved in Hudson, Veeh and Weiner
(1984) for general operator-stable limits. When applied here to the standard
Gaussian case the result sharpens a great deal. In their Lemma 2, if we let u=y
denote standard Gaussian measure on R¢ then one exponent for y is B=31 (I
being the identity on R9) so that p® =]/E. The group S(u) is the familiar
compact orthogonal group.

Our Theorem 1 is the main result, but as the proof is quite long, various
technical lemmas and some straightforward but peripheral calculations have
been deferred to the last section. However, the main proof is to be found in the
next section. We note that the verification of the highly useful Kuelbs-Zinn
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Doubly Truncated Second Moment Condition (see (17) and (20)ff.) forms the
heart of the proof, and is, besides the regularity techniques, the main new
feature of our proof.

The results in this paper form a portion of author’s Ph.D. dissertation at
the University of Wisconsin-Madison, under the direction of Professor James
Kuelbs. The author wishes to acknowledge his indebtedness to Professor Kuelbs,
and wishes also to thank Professor Alejandro de Acosta for many useful and
stimulating conversations during this investigation.

2. The Main Theorem and Proof

Here is our main result. Recall I“,,=L T . ..
LLn [1H]

Theorem 1. Let XeGDA(y, {T,}, {b,}), where y is standard normal on RR®. Then,
there exists a finite constant C with

fim 15, ~b)i=C as. )
if and only if
Y P(II,X|>¢e)<co, for some ( for every) &>0. 3)

When (3) holds, the cluster set of {I(S,—b,)} almost surely contains
{xeR’: x| £1/2}, and thus /2 <Tim |I(S,—b,)| = C< oo, as.

Proof. In order not to obscure the main outline of the proof, after carefully
constructing a canonical version of I, and describing the main regularity and
moment tools we will need, we will prove the theorem directly, deferring the
proofs of various technical lemmas until the end.

The proof of Hahn and Klass’ Theorem (1980a) shows that when
XeGDA(y,{T,}, {b,}), EX exists and b,—nEX —0. By replacing X by X
—EX, we may therefore assume without loss of generality that EX=0 and
b,=0.

[t is clear that the statement of the theorem is independent of the choice of
the normalizing sequence {T,} giving Gaussian convergence, for if Z(U,S,)
—*>7 as well as L(T,S,)—>+, then {U,T,7'} is precompact with only orthogo-
nal limits (by the Convergence of Types Theorem, Billingsley (1966)), since the
group preserving y is precisely the orthogonal group, so that

1
=L T
[zz] [zia] LLn [zi;

).

| 1
lim|—U
m HLLn ]S”

N
izl ™

— | 1
T[T
m HLLn [

Therefore we will always assume {7,} is the canonical Hahn-Klass sequence
constructed below.
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For 6eS and t>0, define

U(0,1)=TUs() =EQ*(X)I(0(X) 1),

5 ) 4
M6, 1)=My(t)=E@*(X) A t?),

where I denotes indicator function.
Hahn and Klass prove that there exists u* such that for each ¢t =Zu* there is
a unique number d(0, t)=d,(t) satisfying

dg (&)=t My(dy(1)). (5)

Moreover, the function d:Sx{u* o) is jointly continuous and satisfies

lim inf d(6, t)= co. For each 0, d(6,n) is the correct one-dimensional normaliz-
t—~w &S

ing sequence for the sums 6(S,), ie, under (1) we have for each 0eS,
0(s,)
& (—”) —* N(0, 1).
dy(n)
For t Zu* we construct an orthonormal basis for R? as follows: since d(-, t)
is continuous and S is compact, choose 0,, satisfying d(6,,,t)=1infd(0, ¢). In-
ductively, having chosen 6, (1 £j <k =d), choose 0,, so that 9eS

d(0,,, )=inf{d(0,t): 0eS, 0 L{0,, ..., 0, _1).}}-

Then {0,,: 1 £j<d} is called a preferred o.n. basis (PONB) at time ¢.
The operators T, accomplishing #(7, S,)—* y are constructed by setting

T;Hjtzejt/d(ejtst)’ j:].,...,d, (6)

and extending T, linearly to all of R®

Note that T, is well-defined even if ¢ is not an integer.

There are two LI L-appropriate normalizers which we will demonstrate are
equivalent, but at different times one is more convenient than the other.

Certainly I, =——1— T will be equivalent to L T . The other useful
" LLn [iE] LLn 1%

possibility is to write (following Kuelbs and Zinn) «(t)=t/LLt, noting that
a~1(¢) is asymptotic to ¢tLLt, and construct y: S x [a~!(u*), c0) by writing (0, 1)
=7,(()=a"(dy(x(t))). Then we define F~(0ﬁ)=9ﬂ/y(9,.t,t) (j=1,...,d), extended
linearly. But from (21) below we will see that I;T,~'—1, so we may use the two
interchangeably.

The utilization of the basic inequalities required in LIL proofs depends on
regular behavior of the normalizing sequence. In Hudson, Veeh and Weiner
(1984), Lemmas 2 through 4, the necessary regularity theorems were proved in
the general setting of operator-stable convergence. We apply them here to the
Gaussian case (where, in their notation, we have S(u) is the orthogonal group
of linear operators on IR and B=11 is an exponent of y, revealing ﬁBz]/E).
We refer the reader there for the proofs and details. Recall that I
L

LLn [#]
let y denote standard Gaussian measure on R“

where LLn and [%] each vary regularly. In what follows
n
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Lemma 2 (Regularity for Gaussian Convergence). Suppose £ (T,S,)—"y. Let
I(K)={neN: ny_, <n<ng}, where ny=2% Then
(@) lim |I,LZ4 )| =1.

n— oo

) If {c}, {d}=N with ¢,—»o, d,»c and d,jc,—ce[0,c0), then

lim | [~ =)/

(¢) lim max |I,[;2'=1/2, lim mm L, I =172
K— o nel(K) K—o nel{K 1
(d If {c},{d,}=N with c,»© and d,jc,— o0, then lim oa(d el
10g HT;"’I:i:lll 21/2 - © Og( n/cn)

We remark that (d) implies I,S,—2>0 (-2 denotes convergence in proba-
bility), since with ¢, =[n/LLn] and d,=n we have for 0<§ <3,

(LLn)**?

1
LSI<ILT, WIS
LS S ILG TS =7 1T i

LTSNS TS, —>0.

lozal "

This fact will be crucial in applying Hoffmann-Jorgensen’s inequalities and in
the proof of clustering.

We will require several equivalent formulations of condition (3), proof for
which we defer to Sect.3. The technique is standard (cf. Stout (1974)) once

Lemma 2 is known.
1

Lemma 3 (Moment Equivalences). When #(T,S)—*>7v and I,=—-T

the following are equivalent: " LLn Iin
(@ Y P(IL,X|>¢) <0, for some >0
(b) Y. P, X >e)< o0, for every >0
(c) f sup PO(X)| 2 7(0, 1)) dt < oo (7)

(d) For some A< o0, hm I1,X,I <A, as.

(e) IX,—0as.

() With ng=2% % neP(II, X | >¢e)< oo for every e>0.
K

We remark that (¢) will be used in the crucial verification of a series
condition whose sufficiency for our purposes derives {from the technique of
Kuelbs and Zinn (1979), and which verification is the main new technique of
our proof.

To prove the necessity of (3) for (2), observe that Lemma 2(a) shows that (2)
implies lim |, X, H<11m 1S, H—!—hm I1,S,_.ll (by the triangle inequality) <C

n—> 0

+(lim | 1,524 ]) Tim ]|Fn_ S,,_1H§2C a.s., so that Lemma3 ((d) implies (a))

shows (3) holds.
The proof of the sufficiency of (3) for (2) is achieved using the regularity



342 D.C. Weiner

lemma, classical truncation levels adapted to the operator case, and several by
now standard inequalities and tools developed in past LIL proofs. New in-
gredients include the technique for final elimination of the middle part of the
sums, which depends on using the uniform regularity of the functions y(8, ) to
verify a sufficient condition due to Kuelbs and Zinn (1979). Previous verifi-
cations of this condition in related situations (see Goodman, Kuelbs and Zinn
(1981); Kuelbs and Zinn (1983), for example) have involved a counting argu-
ment and reversal of summation which is rather inappropriate in the operator
setting.

In what follows let ny=n(K)=2%, and denote by I(K) the block of integers
{n:n(K—1)<nz=n(K)}. We assume that X is symmetric; we will show later that
desymmetrization can be arranged in a manner similar to that of Kuelbs and
Zinn (1983).

For K>1 and j<ng, put

ujzuj(K)szI(Hl—;;KXj” S1/LLng)
qmms) ®)
ng

w;=w(K)=X;I(| [, X;| >1).

1
vj=uj(K)=XjI (LL

In what follows, repeated use of the regularity lemma will allow us to work
in the blocks I(K) where the normalizing operators are held fixed, so that
familiar maximal inequalities can be applied.

Note
max ||I,S,| < max LI I (S, —S,. )l
nel(K) neI(K)
+(m?X 1709 Mt 1D S Y ©

Now the regularity lemma gives max ||I1,_ -1 —>ﬂ as K—oo, while
nel(K)

max |I, FnKl /= 1. But symmetry and Lévy’s inequality imply, for any >0,

nel(K)

P(ml?x 7 (S =S > 2P|, (S, — S, ) >1)
Thus, if we can show that for some ¢ >0,
Y PG (Sue = Sne_ Il >1) < 00, (10)
K

we will obtain hm IS, <]ﬁt+hm \r a.s. via the Borel-Cantelli

AR -1 nK 1“’

lemma, along w1th hm I, (S, — nK>1)|l <t, as.

But the identity

K
FSue= 8 (Gl 8, =S,,-)
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(with S, =0), together with Lemma 7 in Sect.3, shows that lLim {[, (S,
K

=35, )=t as. implies hm IS, I = f
cation of (10) will give us 1/_

— 2
fim |1, <t (1/§+ V2 ) as.
" V2-1
Now, because of the triangle inequality, to verify (10) it suffices to show there
exist A>0, B>0 and C>0 such that

t as. Thus, (9) and the verifi-

YPUL, Y uiK)i>A)<wo (11)
K jeI(K)
YIP(IL, Y v(K)|>B)<w (12)
K jel(K

and “
2PN, Y wiK)|>C)<oo. (13)
K jel(K)

The easiest of these, (13), holds for any C>0 due to (3), Lemma 3 (f), and

;P(Hfm Y wiK)|>C) Y ne_ P, X >1)< o0,
K

Jel(K)

so that in fact we have I, > w,—0, as.
JeI(K}
Rather than verifying (11), we will instead show

s

which will imply (11) because of Levy’s inequality.

The following argument adapts to our situation a new method introduced
by Kuelbs and Ledoux (1984). We remark that this method improves on the
earlier technique of Pisier (1975) in dealing with the “small” random variables
in the double truncation scheme usually employed.

To verify {11, we will utilize an exponential inequality found in de Acosta
(1980), which we restate here for reference.

nK

L. Y ulK)

j=1

>A) <o, (1r)

Lemma 4 (de Acosta (1980)). Let {Y;:j=1,...,n} be an independent sequence of

symmetric random vectors such that ||Y;| <¢, and put Z,= Z Y,. Then, for each
4>0 and 1>0, j=1
At

Eexp(2]Z,)< e

S 129 p([Z, D) (9

Before applying Lemma 4, let us introduce the following notation:

mK:[nk/LL”K]a pr=[ng/mgl,

N

Ag=T,, =(LLnl, , Vi=Y u(K).
j=
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We observe that py~LLng, pgmy,~ng, so that the regularity lemma and
Lévy’s inequality give tightness of

(AgVithme, j<p K1} u{d Vi< K>1}

JmK PRMK

Choose t>1 so large that, uniformly in K,

max (max P(|AgVIEDmE| > 1), P(| A V%, || >1) <e™?/3. (15)

Jmg PRKMEK
iZrx

Then, letting 41>0 be a constant to be determined later, we have

P(HFnK ZK u| >A):P( Ag ZK u; >ALLnK>
j=1

j=1

<exp(—AALLny)E exp (}{ Ag Y, u; )
j=1
Pg ! )
<exp(—AALLny) [T E exp (Al Ag Viiz V=]
j=1
x Eexp (Al Ag VX, )
=exp(—AALLng)(E exp (| Ag V<)) Eexp (A A Vgl
(16)

Using (15) and Lemma4 we can estimate the exponential moments above:
Notice [|4gu(K)[ 1 (j<ng), so in the lemma take c=1, Y;= A u,, to obtain

2eMit1g=2/3 )

ag=max(Eexp(A| A Vy=|), Eexp(A| VX, ) <e* (1 +_1W/§

Prmg

Now let 1=1/t, and use the inequality 14 x Se* to obtain from (16) (recall-
ing t>1) for large K,

g

K

n
I, -21 u;

j=

—A4
>ALLnK> <exp (T LLnK) agxtt

—A
<exp (LLnK (-i———i— 1 +2)),

which is summable over K provided A4 >4t

Thus (11} and hence (11) hold for some A>0; we remark that the argu-
ment above can be tightened slightly to give an estimate of the best choice of
A above, as in, for example, Kuelbs and Zinn (1983). However, even in the
constants case the estimate obtained in this way is far {rom the true value of
]ﬁ on the line implicit in Klass (1977, p. 154). In Kuelbs (1984) (again, using
constant normalizations in Banach space) the correct value of ]/5 is obtained
using linear functionals and the real result, but in the case of operator normal-
izations this approach does not work, at least in a natural way, since if 0eS,
then (6,1,S,) is not a normalized iid. sum derived from one real r.v., but
rather a mixture, and so the correct value of lim (6, I,S,)| us not at all obvious



An L.LL. for the GDA of a Standard Gaussian 345

from the real line result. Thus we will omit any upper estimate of hm I\

n Yl“

(aside from its finiteness), although we will provide the lower estlmate of ]f
later on.

Finally, that the value of hrn I1L,S, || is actually a constant almost surely

n-n

(ie, is nonrandom) follows from the zero-one law, which applies since
lim sup |I,0] =0 so that for any N, lim I, Sy=0 as.
n—w ||6]|=1 n— o

’ll‘hg verification of (12), which is the heart of our proof, depends on a
sufficient condition developed by Kuelbs and Zinn (1979). We will adapt their
technique to the operators case, and then proceed to verify their condition (let
us refer to it as the Kuelbs-Zinn Doubly Truncated Second Moment Con-
dition, or KZDTSMC) using a strong uniform regularity property of the
functions y(f,t) which we will establish. We remark that double truncation
itself was introduced by Erdds.

1
Let Ly=ng_,E\L, _X|*I (—L—L—< 6, X< 1). We assert that to verify (12)
Ry

(still assuming (3)) it suffices to show that for some r>0 we have the

(KZDTSMC) > Lg<oo. (17)
K
To see that (17) implies (12) we use a device introduced by Kuelbs and
Ledoux (1984). Observe that I, v, £1 for jel(K), so that P(max (11 w5l > 2)
=0 for A>1. Jel &)

With r as in (17), let m be an integer large enough that 2" =r. Choose B so
large that B> 3", and then put A=B3"™ so that 1>1.
Iterating Hoffmann-Jorgensen’s inequality m times yields

P(IL. 2 v(K)I>B)=P(IL,, Y uv;l>3"4)

jel(K) Jjel(K)
<(const) P>"(I,. ¥ v, >4)
JeI(K)
S(const) P (|, Y. v,i>A). (18)
jel®
But independence and symmetry give (since || - || is Euclidean)
E|L, Y vli*= Y EILvl?
Jjel (&) Jjel(K)
1
e EIL X1 (77 < I, X 5
and hence by Markov’s inequality,
1
P, Y vll>2) =55 Ly (19)

2
Jel(K) z

Combining (18), (19) and (17) gives us (12).
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The standard verifications of the KZDTSMC (17), as appearing in Good-
man, Kuelbs and Zinn (1981) and Kuelbs and Zinn (1983), are applied to the
case r=2 using a counting/summation-reversal argument; we were unable o
apply it bere. Instead, we verify (17) for any r>3, and as any r>0 would
suffice, our proof of lim || IS, || < oo in the symmetric case will be complete.

First, we claim we can replace (17) by the condition in IR*

1 Uy(vo(ng)) — Us(pg(ng)/d LLng)\"
; (LL ny S;i? M y(yg(ng)/LLng) ) = (20)

Before showing that (20) actually implies the KZDTSMC (17), we remark that
although the proof until now has been worked almost exclusively using oper-
ators without utilization of the Hahn-Klass canonical form (5) and (6), the
remainder will be worked directly in terms of functionals, starting from con-
dition (7) instead of (3), and depends on uniform regularity of {y,(t): 0€S}
rather than regularity of {7,:n>=1}. Thus condition (1), which allows these
uniformity lemmas to be proved, now becomes essential to the argument.
The key identity to keep in mind is this consequence of (5):

Ve (@)= (o™ " dgar(t))® ~ t(LLt) My(y,(t)/LL1Y), (1)

where the notation a,(t)= by(f) means lim sup %o E ;
t= o BeS§ 9

grows uniformly at least as fast as /%, but Lemma5 in Hahn and Klass

dy(1)

(1980b) (see next paragraph) shows that for each 4>0, we have lim sup e
=0. Thus LLd,(t)~LLt, and (21) holds. v b

To see that (20) implies the KZDTSMC (17), we recall the canonical
definitions of I, and I. It is clear that since I,, I, are each diagonal with
respect to the same basis (the PONB at time n/LLn) with entries
LLndy(n/LLn) versus y,(n), we see that (21) and Lemma 3 allow us to assume
that v; was defined in (8) with respect to I’ rather than I, our error involving
at most a constant factor introduced on the left hand side of (17) and (20). For,

. . . t
Lemma5 in Hahn and Klass (1980b) and (21) provide that lim suply;j((c))
t—~w feS 9

1j=0. We know that d,(f)

—c'?|=0, since they prove the corresponding statement with d, replacing y,,

for each ¢>0.
Thus, we are asked to show that (20) implies that

A N -
;{nKEnrnKXu I (mfnr,,,cxn gl)}< . 22)

To ease the notation we just write I, for [, and only give the proof in the
case d (the dimension of our space) is two, for the general case follows exactly
the same way.
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On the event HFnKXHe( 1], we have

LLng’

PRI

1
< |, X||*= <1, 23
? Vol(nK)Z Yo, (”K)2

(LLny) X

where we let {8,,0,}={6,(K), 6,(K)} denote the PONB at time nyg/LLny.
10,(X)|

But (23) implies ———=<1 (i=1,2) and also that at least for one i we have
ool 1 T
- . Therefore
Vo, (my)  2LLn,

0% e )

=E f;((f; I <|;9911((i))l © <2L1Lnk’ 1])
B )

k)

E

+E

<supE
oes  Vom)?

+4(L£nk)2 d szg))' ) <2L2nk’ 1) 4

But
16, (X)| ( 1 ]) 2 0,(X)? (IQZ(X)I ( 1 ])
P( € , L) Z4(LLng) E I € !
Ve,(ng) \2LLng ( o Vez(”K)2 Ve,(ng) \2LLng
{(by Markov’s inequality)

2 0*(X)  (10(X)| 1
sHLLng) Salsl? E Vo(”K)Z ! (Ve(nx)e (2LLHK, 1] )’

and so (23), (24), and the same argument of (24) applied to 8, instead of 8,, lead
to

EIn, X1 (1n,Xie (g7, 1))

P00 000 1
sasupt ot ( e ey ) 9

Now (21) shows that y,(ng)*~dz(ng/LLng)LLny, so the right hand side of (25) is
dominated by some constant times

E0X(X)I ('H(X”e( L 1]>
1 cu Volhx) \2LLng
ngLLng ook M, (dy(ng/LLny)) ’

(26)

by using (4) and (5).
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But of course,

E0*(X)I (IH(X)‘e( !

o) \2LLny

Thus, (20) implies (17), as desired.
To verify (20) we recall that by Lemma 3, (3) implies (7),

1) = Ut - Utratrdi2LLng)

}3 sup P(10(X)|>y,(t)) dt < .
1 feS

) 3 X
Fix r>3 and choose 6>0 so that r>1—5. Now from Lemma 8 in the last
section we see that -

Ug(ve(ny)) — Uylye(ng)/d LLny)

lim su
ko 0es (LLn? M(74(ng)/LLny)
< lim sup Up(76(ng) -0

K= 0§ (LLnK)(s Uo(Ve(”K)/LLnK)

A closer look at the functions y,(f) is required. The definition of v,(t)
implies that y,(n) is a suitable normalization for 6(S,); indeed the real-line LIL

10(S

(e.g., Feller (1968)) and Lemma 3(c) imply lim (r:)) | =]/§ a.s. Now (4) and (5)

n—wo Vg
amount to saying that y, is the inverse function of y;*(t)=o""g,a(t), where
go(D=1*/M,(t). It is well-known (see, e.g, Hahn and Klass (1980a)) that for
sufficiently large ¢, uniformly in €S, we have y, '(t) well-defined and con-
tinuous (in both 6 and t). Bearing in mind (21), note that for s tending to oo,

s2 1 s

(LLs)? My(s/LLs) LLsM,(s/LLs)’

2

vy 1(s)~ LLsg,(s/LLs)=(LLs)

(27)

Putting s=y,(ng)/dLLng in (27) shows there exists a positive constant C, such
that, uniformly in 68, for all sufficiently large K, we have (see (21))

-1 C1 ”KMo(Ve(”K)/LLnK) Ng
Vo ol L) 2 e Oy L L) = < (L

(28)

Inequality (28) is vital in proving (20) (hence (17), the KZDTSMC). To use
it we let mg= C,n,/(LLng)? Then (28) becomes

Po(My)/dLLng = y,(my); (29)

. Mg —Mg_
note that m, /oo strictly, and —%—%=1 1.

Mg_y
In the following C,, C,, C,,..., are unimportant positive constants re-
quired to use the asymptotic statements mentioned above.
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Recalling (7), we have (since y,(t)./)

0> | sup POC> 7, (0)de

2C, 3 T sup PUOX) > y,(0)dt

K=1mg., 0eS

v
O
N

D EMs

(mg—mg_,) SOUE P(10(x)| >y4(my))

IV
H

my sglig P(yy(ng) Z [0(X)] > ye(my))

=
[
-

1\
mﬂ
8

My Sup P(79(n) 2[6(X)[>7,(ng)/dLLng), by (29). (30)

4l
I
-

Let Fy denote the cumulative distribution function of |8(X)|. Then (30) gives,
recalling (21),

i Ny 1 Ye(jY_IK) 5
oo > sup x“dFy(x)
K=1 (LL”K)Z 6e§ Ve(nK)z yo(nx)/dLLnx 0

L qup Yellolrd) = Uplry(n)/d LLny)
<LLnK>3 My(y4(ng)/LLng)
—c, i fp B0 L
(LLnK) ves  (LLng)’ My(yo(ng)/LLny)
S ! Uy(o(n)) — Up(vg(ni)/dLLn;) "
€ 2 (LLng*=? {S‘i? (LLng)’ M, (75(ng)/LLmy) }
(using the fact that {-} —>0)

i 1 {sup UB(VG(WK)) - Ug(ye(}’lK)/dLLnK)}r
(LLI’l 3-56+ré

Ma

v

C4

Y

_CS

S MG(VB(HK)/LL nK)
Up(ye(ng)) — Up(yy(ng)/d LL ng |
=Cs Z {LLnK o M, (y(ng)/LLng) } G

3
since r>ﬁ implies ¥>3+r0>3—0+ro. Thus (20), hence (17) holds, and the
proof that lim ||I}S,] < oo a.s. holds is complete in the symmetric case.

For the general case, we let X', X’l, X’z, ..., be i.id. copies of X, independent
of X, X,,X,,..., and we put §,= +X’ We suppose that X satisfies (3);
then

L PULKX =X)>e)<2 Y P(ILX| >¢/2)<o0

(via Lemma 3), so that X — X" satisfies (3) as well. By the symmetric result,
lim |L(S,—=S)|=M<oo as., for some constant M. We claim that
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lim ||L,S,|| £2M as., and we accomplish the proof by showing for each >0
@) Tm {1, (S, ~nEX I(ILX | <Y £2M as. and
(i) lim nEL XI(|II, X | > ) =0, recalling that EX =0.

n— o

For (i), by Fubini’s theorem we have vectors {c,} with lim |I(S,—c)| =M

a.s. We claim that I,(S,—nEXI(|[,X|| <)~ 0 for each f>0. Assuming this
for the moment, and given ¢>0, we have existence of sample points «w, with
IS, (0)—e ) EM+¢ (true for almost all sample points) and |I,(S{w,)
—nEXI(|L X £P)I<e (true for a set of sample points of large probability)
for all sufficiently large n.

It follows that Tim |I(c, —nEXI(|[,X| S P)ISM +e+e=M+2¢, and thus
that "

Tim | 1(S, —nEXT(|[X | £ B) <Tm | I(S, — ¢ )il +Tim | I (c, —n EXI(| X | < B
SEM+(M+26=2M+2¢ as.

Letting £ —0 gives (i), modulo the fact that I(S, —nEXI(|I,X|| < )= 0.

We already know that I,(S,—S,)—>0 (because of Lemma2(d) and L(T.(S,
—S)—"»y*y, where * denotes convolution), so let §>0, ¢>0, and recall that
(3) implies, by Lemma3(f) and an easy filling-in argument, that
limnP(||I, X >A)=0 for each 1>0. Thus,

)

d
<P(I5(S, =S| >8)+P (for some j<n, cither |L,X,|>8 or ||, X;|>f)
<P(IL(S,—S)| >8)+2nP(I[,X|>§) >0, as n—ow. (32)

net

I Y HLX LS8 - XL S5)

Now (32) implies that ¥,=I, Y. (XI(IX,| <P~ X;I(IL, X} < B) 0.

j=1
Thus J (}’,1,(—87(155) —0 as n— oo, and an application of Lemma 6.1 in Kuelbs
and Zmnn (1983) with r=2 to the r.v’s L(XI(|L X =B —X I(III, X;| =p)
(which are uniformly bounded by 2§ in norm) gives E||Y,|?<18(4J(Y,,1/72)
+(2B)*)—>72p%, as n—oo. Since ¥,—-0, standard uniform integrability results
(see, e.g., Chung (1968), Theorem 4.5.2) give E|| Y, || —0.

But Jensen’s inequality and the independence of {X}, {X} show that

E|Y[IzE

I, (Z (X LX =) —EXI(IT X éﬁ)))H,
j=1
and thus by Markov’s inequality we see

L X XILX) £ -nEXIGLX | £B) -0
j=1
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But then,

PS8, —nEXI(II, X £ P >e)

<p

completing the proof of (i).
To prove (ii), we will show, in analogy with constant normalizations case,
that lim nE | T, X || I(| T,X| > p)=0. That this will suffice follows from

>s)+nP(HFnXH>ﬁ)—>O,

L{X XI0LX) £ -nEXIGLX1 <)

-1

nE|LXI(NLX| >ﬁ)— E I e X M Ty X || > BLLA)
é ENT e X (U Tyrpm X | > B) = 0.
Now

nE|T,X 10T, ] >ﬂ)=n}°P(u7:,Xu1(uTan > B>t
—BnP(IT,X|>P)+n | PATX|>0d.  (33)
p

But nP(||T,X|>p)—0 because of the Central Limit Theorem for Gaussian
limits.

To estimate the last term in (33), let {6;: 1Zi<d} denote the PONB at
time #, and observe that for » sufficiently large,

n [ POTX|>0)dt<n zp(w X)|> d, ())d
B

i

Bz

i

n

7 (100> o )

1

<dnsup f P (IG(X)|>£dg(n))dt
9eS 3 d

i

il

=d*nsup (,,» { P(f@(X)]>u)du/d9(n})

0e5 \gde(n)/d
® 2P(9(X) > u) M,
—d?nsup u”PUOX)>u) W 3
ges dg(n )ﬂde(n)/d My(w) u

In (34) we use the Hahn-Klass Condition (1) and the fact that d,(n)— 0
uniformly in 0eS (indeed, for large n, do(n)gﬂ) to see that we need only show
T My

n
lim sup sup ) 2 du<oo.
n—w 0es dg(N) pagoma U

Now the “uniformly slowly varying” property of M,(*), which derives from
the Hahn-Klass Condition (1), can be used to adapt the proof of Lemma 8
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(q.v.) to show that given 6>0 and C>0, there exist n, and D >0 such that for
all nzn,, all j=1 and all feS,

M,(C27dy(n)) = D27 My(dy(m).

Choose ¢ <1; then for nzn,,

n © Me(u) n w  2Jfde(n)/d
du= M, (w)/u?du
dy(n) Bdo(n)/d u’ dy(n) ,;1 Zf‘lﬁj;ie(n)/d o)/

M8
=

=
j

M (2 Bdy(n)/d)d/(B2'd3 (n) (35)

1

I

(using the monotonicity property of M,(+))
D < jo i 12
é—F 2%n My (dy(n)/(2' dg (n)
j=1

(uniformly in 6eS)

bd Y 29 i< oo,
j=1

where in the last line of (35) we used the defining property (5) of d;, namely
dZ(n)=nM,y(d,(n)). Thus desymmetrization is complete, and 11m 11,8, <co in
the general case.

It remains to show that lim |I,S,||>0, and that the cluster set of {r,S}

contains {xeR’: x| gﬂ}. The technique depends on the following moderate
deviations lemma patterned after de Acosta and Kuelbs (1983), Lemma 3.1.
Because the clustering result does not depend on the refined regularity in
Lemma (3), we remark that the proof we present can be extended easily to the
Banach space case, under the additional assumption due to Urbanik (1978)
that {T,T,7': m<n} is precompact, where Z(T,S,)—%»y in the Banach space.
Since the proof does assume boundedness of ||I,S,|, however, we prefer to
proceed only in the finite-dimensional case. In Proposition 5 the additional
assumption at/n* -0 is required for infinite dimensions, to compensate for the
“unknown” fact there that IS, ~%>0, as the reader may easily check.

Proposition 5. Assume EX =0, X eGDA(y, {T.}). Let U be convex and open in
R?. Suppose that 0< -0, but f/‘oo Let b,=[n?/a]. Then
1

lim inf — logP< 1,8 eU)>hm sup—logy(t U).

n—w an t-> 0
Proof. Let ¢>0, t>0, put U*={y: inf ||y —u| >¢}. Then U® is open and con-

2t2 uelec

vex. Write p, = [%], q,= [;n] (Note [n—p,q,|=0(b,) if a*/n*—0.)
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Then, using independence and stationarity,

a2
P( T, S U) P(TS ;U8>

bn pnan bn* pnan
az an
gP(TbnSpne*" UE) . (37)
ng,

2
. a .. 2 2
Since qn~# and p,/b,—t% it is easy to see that Z(T,,S,) """, and y" (E)
n

=7y(tE) for Borel sets E. An casy way to see this is Donsker’s Invariance
Principle. Thus (37), after taking logarithms and letting n — oo, yields

.n n . n a; .
hTm‘?logP (53 1, S,...€U )gh:ngqn log P (TbnSannq U )

n n

1 2
— lim log P ( aq )

n—> o n

1
=;Z—10g y(t U?). (38)

Letting ¢ =0, t — o0 gives the result, after observing that independence gives

bn pnqn

logP( 1,8 eU)>10gP( T, S )+logP( 5 1T, Sln—pnqn|H<8>’

and that the 1atter term goes to zero using n—p,q,=o(n), Lemma 2(d) (which

<n(n R
T T,” — (b—> , for any 0<d<1/2 and all large n, -0

since a?/n— o0), and again for simplicity Donsker’s Invariance Principle.

states that

Lemma 6. Under the assumptions of Proposition 5,

15]?
2 El

n
Ii f —
min ( ,

n—>00a i|“n

EnSn"bH<8> = —
for every £>0.

. 1
Proof. The Cameron-Martin formula allows evaluation of llmt—zlogy(tU),
t

where U={yeR": ||y —b|<e}. For proof see de Acosta and Kuelbs (1983),
Lemma 3.2, noting that the “Reproducing Kernel Hilbert Space” induced by y
is just (R? || - ||), since y is standardized normal, and || - || is Euclidean.

Now to show that ||b] §]ﬁ implies b is in the cluster set of {I.S,} a.s., it
suffices to assume ||b]| <]/§ (since the cluster set is closed). It is easy to see that

the proof of Proposition 5 applies to lsz,.San, as long as d,—n=0(,).
a

So let n, =KX, and note that ng —ny_, =0(b,,). Thus, from Lemma 8§ we have,

bl

given >0 such that
sufficiently large,

+d<1 and putting a; =nLLn, ¢>0, that for K,
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2 PUL (S =S, ) —bl <e)

KzKo
2
= Y PGS bn<a)zze><p{—(”’2” o)L
KzKp K
KZ Klogk) (3 ) — oo (39)

Thus the Borel-Cantelli lemma applies to the independent sequence {I, (S,
=8, ) Kz 1} to show that b is almost surely a cluster point. But Lemma2(d)
shows that ||I; | -0, and together with Tim |I}S,| <o as., we use ||I;

n—'oo

nKg nK ll

—bl| S (Spe = Spg ) =Dl + I,
Theorem 1.

K nK

| to complete the proof of

0 ol 11 M

3. Technical Lemmas and Their Proofs

In this section we state and prove technical results used (with proof deferred)
in the proof of Theorem 1.

Lemma 7. Given {x;} <IR? with Tim I, x;ll = C < o0, we have

jo o

g sl £5)

K—>oo 1
Proof. We use
K N-1
LY x L L x)| < (Z 6 ,,JIH)(C-l—s) +r, ,Zl x|

where £>0, and N is so larg that j= N implies |], x;| < C+e We claim

2
1im Z IL L= V2

K—w j=1 —_
proof.
Choose M so large that (by Lemma2(b)) j= M implies H it -1 <1/(f

1
—&). As I I,-' = ]_[ we ity we have I, n_1\|§( 5 ) when K2j= M.

, which, since |I, || -0 as K— oo, will complete the

—¢
But then Z L It = Z (7 o ,,JlH+ Z |6 LM, when K=M, and it

is easy to see that I, H max HF -0 as K—»oo since [T} [ —0. Yet,

K 1 K—j — i 0 i
-1 —
J; H nE nJ H<JZM (]/5—8) Z (1/5—8) l:z <{“8)
=1/1-(/2—47"
(geometric series); letting ¢ —0 gives the bound ]/E/(]/E —1).

A
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Proof of Lemma 3. (a) implies (b): Assume Y P(|I,X|>K,) diverges for some
K,. Clearly the series diverges for all K gf{o, so fix K>K,. Fix N so large

2 K
that ——=<-2. Now Lemma 2 (b) shows lim max {Iy, [, "=

1
JN K e 0SjSN—1 wrils I/T

1 o
N:—%—j — N 0<jEN-—- 1) . So choose n, so large that n>n, implies
[Ty ;T0 Il <—= when 0<j <N —1. Then, n=n, implies

/N

max P(HFNn+JXH>K )_S_ ( max ”FNn-t—jXH>K0)

(since

0SjEN~1 0SjsN-1
<P(( max |y, L7 IDILX>K,)
0=jsN-1

gp(l/ﬁﬁ-ulz,xn>f<o)=l’(IIGX“>K°;/N)

<P(|,X|>K), by choiceof N.

Thus,
w N-—1 0
~ Y PULXISK)=Y Y P(I 5., X1 > K ) S NP(ILX|>K).
m=Nng n=ng j=0 n=ng

Thus, divergence for one K, implies divergence for every K.

Now (a) iff (d) iff () follows from the Borel-Cantelli lemma and the fact
that (a) implies (b), since {X,} are independent. For (b) iff (f), we use
Lemma 2 (c) and proceed in manner similar to that above, in (a) implies (b),
with ng —ng_=ng_, playing the role of N.

Finally, for (b) iff (¢), we use the result of Hahn and Klass that if {0,:i

Ldy={6,(n):i=1,...,d} represents the PONB at time =#n, then
d

dy(my= )" (0,0)*d, (n)* (recall~means asymptotic uniformly in f€S).
i=1
Thus, given ¢> 1, there exists n, so that uniformly in 6§ and for all n=n,,
we have (letting {6,=0,(n/LLn): i=1,...,d} now denote the PONB at stage

n/LLn) .
; (0, 0)% 75, (m) < c i (n). (40)

Now, suppose that for i=1,2,...,d we had |0i(X)|__<~y9i(n)/dﬂ. Then we
would also have

10(X) =

( ,9i)9i(X)\

IIA

I(Q, 0)0,(X)|

|(9 )mxn)/dl/E

1A

:‘
el
—_
G
=

i

af cy(m)/dY c =ys(n), Dby (40).

A

IIA
"Mn,"_'M&"Mw“M&ﬁ'M&
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Hence |0(X)|>7,(n) implies for some i=1,2,...,d, we have [0,(X)>
(n)/d}/c, and thus

d
PUBCOI> 3,(0) < X, PUSCI> 7 mfdY/)
d d ng( ) 1
él_;l P (jgl ng(") >2172)

=dP(|F,X|>1/d)/<)
<dP(|I,X|>2/dV/c),

using ' I,~* — I by (21). Thus, taking suprema above gives

sup P(0(X)|>y(n, 0) <d P(|L,X | >2/dV/c).

Thus (3) and (a) implies (b), above, imply (c). On the other hand,

90 )gi (i24x01> 1/Evf,i(n))

PULXI>)SPULXI>52)=P (¥ 250>
i=1 Yo,

<dsup P (IB(X){>

0eS

g
o)
2/d"”
Thus the integral test, monotonicity of y(0, *) and (41) show (c) implies (b), and

the proof of Lemma 3 is complete.

Lemma 8. For each 6>0,

Uy(ra(0)
10 SR (L7 Uyt LLD

Proof. The Equivalence Lemma of Hahn and Klass (1980a) implies that

. Uy(21)
lim sup ——=1,
t— ng Ug(t)

i.e, that the functions U,(-) are uniformly slowly varying for 6€S. Let log denote
logarithm to the base two, and put a(t)=[log(LLt)]. Let ¢>0. We have, since
I<LLt2"" L2,

U M0T U0,02 YLLY)
PO=S Gy =" 1L S 06,02
<201+ 7,

. U, (2
whenever t is large enough that supa—((—l[ﬂ<1+s for all s>t, upon noting
feS UG

that uniformly in f€S, for all sufficiently large s, we have ye(s)g]/;

loa b(t bt
We thus have tliw f(t)( )-—O, after letting ¢—0. It follows tlir?o (L£Z)5

for every 6 >0, as asserted.

=0
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